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Probability Distributions in Data Sciences

Probability distributions and histograms
— 1mages, vision, graphics and machine learning,..s . s
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Unsupervised learning

Observations: = 15" 4§,

n

Parametric model: 0 — oy

Density fitting: m@in D(ay, B)

— takes 1nto account a metric d. o



1. Optimal Transport
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Monge’s Problem

Points (z;);, (y;), O\O‘.

Permutation: ./'.
o:{1,....,n} = {1,...,n} $W

Monge optimal matching: majn Z d(i, Yo (i)  _
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Monge’s Problem

Points (;);, (1;);

Permutation:
o:4{1l,....n} —={1,...,n}

i -
Monge optimal matching: min Z (2, Yo (i) A

1=1

— Seems intractable: n! possibilities.
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Monge’s Problem

Points ()i, (y;); e

—@
Permutation: 0/. "
o
o:4{1,....,n} —=A{1,...,n} $W ’

Monge optimal matching: main Z d(w;, ya(i))
i=1

— Seems intractable: n! possibilities.
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Monge’s Problem

Points (x;):, (¥;); 0\0“

- e
Permutation: ’/. Y
0'2{1,...,’”}%{1,...,71} ZUW‘J

Monge optimal matching: main Z d(w;, ya(i))
i=1

— Seems intractable: n! possibilities.

78T 9Suoy]

.»e
& o ® “Relax”
e ‘_—:: ...... e
@ . . ,0 t‘ — polnts — mass
: o : :
Different permutation — coupling

4 points? Weights?
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Kantorovitch’s Formulation

a =3 a0,
b= Z;nzl bj5yj
Points (x;);, (y;);

Weights a; > 0, b; = 0.

Z
Zz 1 A = Zmle:

Discrete distributions:

Couplings: 2_; Pij = a 2. Pij=Db;
\ /
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Kantorovitch’s Formulation

a =3 aily,
5 = Z;nzl bj5yj
Points (x;);, (?Jj)j

Discrete distributions:

‘ rge
Couplings: 2_; Pij = a 2. Pij=Db;
[Kantorovich 1942] \ /

min {3, ;d(x:,4;)"P;; P >0, Pl =a, P, =b |



Optimal Transport Distances

WP(&v 5) déf.
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Optimal Transport Distances

WP(&a 6) déf.
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Optimal Transport Distances

WP(&a 6) déf.

1
5 p
( P]l:glflﬁ]l:b Zzg d(x;, ?/j)pPI,j)

Convergence in law: a, — 0 &

L S S A

16, — i =2 vs.  Wy(ds,,0,) = d(zy, )

Theorem: W, is a distance and a,, = 8 <& W,(a,,,5) = 0
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Algorithms

Linear programming: O(n’log(n)?)
Hungarian/Auction:  O(n’)
Q= % Z?:l 5337, ﬁ — % Z?:l 5y3

1-D case: sorting O(nlog(n)).

p=1
Q, min u(zx)|dx
i=1-1 MR 1l

— min-cost flow, on graphs O(n?log(n)).

Monge-Ampére/Benamou-Brenier, d = | - ||5.

Semi-discrete: Laguerre cells, d = | - |3.
Merigot 2013]

Need for fast approximate algorithms for generic d(x,y).
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Entropic Regularization

Schrodinger’s problem: [1931]

P]lzg,lfi’%]lzb Zi»j d(i, yj)pPiaj + Py lOg(Pi,j)

=2 ;i Pij0uy,
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Entropic Regularization

Schrodinger’s problem: [1931]

P]lzg,l]?-i’%]lzb Ziaj d(i, yj>pP73>j + Py lOg(Pi,j)




Sinkhorn’s Algorithm
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Sinkhorn’s Algorithm

mfi)n {Z” d(z;,y;)PP;; +eP; log(P; ;) ; Pl=a,P'1 = b}

dof. _ Mziy )P

Proposition: P;;=u; K, ;v; K, i = e =

P = diag(u)K diag(v) = a = P1 = diag(u)(Kv) = u® (Kv)
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Sinkhorn iterations: u < V < =
Kv K'u

Theorem: [Sinkhorn 1964] (u,Vv) converges.



Sinkhorn’s Algorithm

mfi)n {Z” d(z;,y;)PP;; +eP; log(P; ;) ; Pl=a,P'1 = b}

dof. _ Mziy )P

Proposition: P;;=u; K, ;v; K, i = e =

P = diag(u)K diag(v) = a = P1 = diag(u)(Kv) = u® (Kv)

Row constraint: u® (Kv) =a (Col. constraint: vo (K'u) =b

a b

Sinkhorn iterations: u < V < =
Kv K'u

Theorem: [Sinkhorn 1964] (u,Vv) converges.

Matrix /vector multiplications: — O(n*/e*) complexity.

— Parallelizable on GPUs.
— Convolution on regular grids, separable kernels.



Wasserstein Barycenters

Barycenters of measures (a;)s: Y. A =1

p* € arg;nin > s AsWh(as, B)
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[Solomon et al, SIGGRAPH 2015]



Wasserstein Barycenters
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kL,
Barycenters of measures (a),: S As =1 E &
B* € argmm > AWE (o, B) i 7 v
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Sinkhorn’s algorithm:



3. Sinkhorn Divergences
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Sinkhorn Divergences

def. .
WL (o, 8) = L, min >i i A(i,y;)PP; 4+ Py jlog(P; ;)

Problem: W_(a,a) # 0

mo% H W}; p (Oé, B ) o ¥ -

We(0,8) = WE (0, 8) = §WE (0,00 = W5, .(3, )

[Ramdas, Garcia Trillos, Cuturi, 2017]



Sinkhorn Divergences

def. .
Wepla, B) = min 5 ;d(@,y;)PPi; + Py jlog(Pi ;)

Problem: W¢(a, ) # 0
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x-P def. 1
Wyela, B) = Wy (o, B) = 3 Wy, (o, ) = 5 W (5, 5)
[Ramdas, Garcia Trlllos, Cuturi, 2017]
— 0 —
Theorem: Wy (a, )< 2 ng(oz, B)= 69, lae — B2 4o

Léonard 2012 [Ramdas, Garcia Trillos,
[Carlier et al 2017] Cuturi, 2017]

Kernel norms (MMD ): ||§H2_dp = f)c‘Q z,y)PdE(x)dE(y)

Proposition: | - |_j.|» is a norm for 0 < p < 2.




Sinkhorn Divergences

W, (@, 8) = WP (o, 3) — 3 WP ga Q) — </3 B)

colncave COHC&VG

Theorem: [Feydy, Séjourné P, Vialard, Trouvé, Amari 2018]

If e "= 1s positive:

W., > 0 and ngp(-, 3) is convex.

?

Wg,p(an,ﬁ) — 0 <= o, weadex 5]

min W2 _(c, B) min We (e, B)

84



Sample Complexity

' -':"‘.'0 ::... C‘*}E

PSSO
&f)}}\g “J/M
;v J~ 7&?’«; -

E(|W,(a, 5) — Wy(a, B)]) =
E(||a — Bk — o — Blk]) = O(n~2)

Theorem:

Optimal transport: suffers from curse of dimensionality:.

— Adapt to support dimensionality [Weed, Bach 2017]



oA _1
Wy, 0) = Wy(a, B)) = O(m=4) 2
.5 1 -
E(lla = Blx = la = Blk]) = O(n™2) e
) Q,d))
Optimal transport: suffers from curse of dimensionality:. -1-5%

—¢=0.01 |
— Adapt to support dimensionality [Weed, Bach 2017] 2? —Z" \
—c=10
250 1000 d = 2 "

-0.5¢ l()g = ’

Theorem:

Theorem: |Genevay, Bach, P, Cuturi]
E(‘Ws,p(&v B) — Ws,p(aaﬁ)‘) = O(e™

1 — =001
n_ 2 ) 197 | —e=0.1
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4. Application to
Generative Models




Density Fitting and Generative Models
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Density Fitting and Generative Models

def. 1 1 Qo o o[
Observations: [ = o O,
n — / ’// — N\ ® .: .C.E 7}
‘Q D . .y. PY : °
Parametric model: 0 — oy ® e o

Density fitting: dag(z) = pe(x)dx

| Maximum
min KL (0] §) = Z o8(Ps(1)) " Yikelihood (MLE)



Density Fitting and Generative Models

def 1 n 5
£r

Observations: f = =) .4

Parametric model: 0 — «y
Density fitting: dag(z) = pe(x)dx

m@m KL ozg|5 Zlog po(x;))

Generative model fit: oy = gp 4C
KL(ay|B) =

| P 9 €rrrrenenenenns >. : : o
®
Maximum

likelihood (MLE)

— MLE undefined. S
— Need a weaker metric.

mein Wﬁ,p (&97 5)




Deep Discriminative vs Generative Models

de(2) = p(Ex (- .- p(&2(p(&1(2) .. )

Deep networks: go(z) = p(Ok (... p(02(p(01(2)...)
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Generative Models
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Training Architecture

min £(0) W (g, B)

0 &,p

Stochastic gradient descent

0+ 0 —7VE(D)
E(0) = W (o 8ga(2) )




Training Architecture

m@in E(0) = ng(()ég, 5)

Stochastic gradient descent

0 9 — 7VE(H)
EA(H) dif ( Zz 599 (Zq, 76)
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Generatlve model

Input data




Automatic Differentiation

Setup: f : R®” — R computable in K operations.

Hypothesis: elementary operations (a x b,log(a),v/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing Vf : R® — R"?
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Automatic Differentiation

Setup: f : R®” — R computable in K operations.

Hypothesis: elementary operations (a x b,log(a),v/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing Vf : R® — R"?

Vi)~ S (f(@+e81) — f(@),... f(z+ebn) — f(2))

Finite differences: g
K(n + 1) operations, intractable for large n.

Theorem: there is an algorithm to compute V f
in O(K) operations. [Seppo Linnainmaa, 1970]

This algorithm is reverse mode automatic differentiation

— it is not numerical calculus (exact computations).

— it is not formal calculus (algorithms matter).



Examples of Images Generation
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Examples of Images Generation
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— Influence of €7
— Performance evaluation of generative models is an open problem.
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Open Problems
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Toward high-dimensional OT"

— Scalable geometrical loss functions in high dlmensmn‘?

— Performance quality measures for unsupervised learning?



Open Problems
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Toward high-dimensional OT"

7

— Scalable geometrical loss functions in high dimension?

— Performance quality measures for unsupervised learning?

Metric learning for OT"

— Adversarial training to

leverage multi scale priors?




Open Problems
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Toward hlgh dimensional OT" “
— Scalable geometrical loss functions in high dlmen81on7

— Performance quality measures for unsupervised learning?

Metric learning for OT"

— Adversarial training to

leverage multi scale priors?

Beyond comparing measures:

— Learning for surfaces, graphs, metric spaces?

— Using Gromov-Wasserstein geometry”?



