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Abstract: We are interested in the topology optimization in fracture mechanics. We consider a linear elastic structure subjected
to fracture, modelled by a damage model. The rigidity of the structure is maximized under the constraint of volume.

1 GAP

•Theory of shape optimization developed for partial di�erential
equations, in particular, linear elasticity
•Fracture mechanics being governed by inequation remains a sub-
ject of research

2 FRACTURE MODEL

By using the damage model [1]
•Parameter α : Ω 7→ [0, 1]

•Hooke's Tensor: C(α) = (1− α)2C
•Minimization of the mechanical energy

Wl(ε(u), α,∇α) =
1

2
C(α)ε(u): ε(u)

+ w(α) +
1

2
w1l

2∇α · ∇α

(where l is the characteristic length) under the constraint α̇ > 0.

3 PROPOSITION

•We penalize the region: α̇ < 0, α < 0 with 0 < ε� 1

•Z = H1
0(Ω)d × L2(Ω), d = 2, 3

•We consider a time interval [0, T ] and �nd (u, α) ∈ Z such that
∀(ϕ, ψ) ∈ Z∫

Ω

C(α)ε(u) : ε(ϕ) dx =

∫
ΓN

g ·ϕ ds (1)

where g is the applied force and∫
Ω

∂Wl(u, α)

∂α
ψ dx +

1

ε

(∫
Ω

max(α− 1, 0)ψ

−max(−α̇, 0)ψ

)
dx = 0 (2)

4 OPTIMIZATION OBJECTIVE

We maximize the elastic energy integrated in time

J(u, α,Ω) = −
∫ T

0

∫
Ω

C(α)ε(u) : ε(u)dx dt

under the volume constraint
∫

Ω dx ≤ Vt with applied displace-
ment.

5 SHAPE DESCRIPTION

•By a level-set function φ : Rd→ R: [2]φ(x) < 0 if x ∈ Ω,
φ(x) = 0 if x ∈ ∂Ω,

φ(x) > 0 if x ∈ Ω
c
.

•By remeshing the domain described implicitly by level-set [3].

6 SHAPE DERIVATIVE

We deform the domain Ω along the direction of the shape
derivative ∇J(u, α,Ω) given by

∇J(u, α,Ω) =

(
−C(α)ε(u): ε(u) +

1

2
C(α)′βε(u): ε(u)

+ C(α)ε(u): ε(v) + w′(α)β +
1

2
w1l

2∇α · ∇β
)

where (u, α) is the solution of (1)-(2) and (v, β) is the adjoint
solution.

7 RESULTS

2D example: Mesh and the damaged region (in red); Initial
shape (left) and �nal shape (right)

3D example: Mesh and the damaged region (in red); Initial shape
(left) and �nal shape (right)
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